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It is shown that there is no effective procedure to construct a labeled Petri 
Net whose language is the complement of the language generated by a given 
labeled Petri Net. 
1. INTRODUCTION 
Most of the research efforts (see any of the references) in the field of mathe- 
matical properties of Petri Nets have been devoted to state whether this 
formalism is recursive or not (this problem is equivalent o many other open 
problems of the literature (Crespi and Mandrioli (1977)). Hack (1975) showed 
that if a particular class of "Petri Net languages" were effectively closed under 
complementation, then the answer to the problem of recursiveness of Petri 
Nets would be negative: in this note it is shown that this (sufficient) condition 
for the undecidability is not verified. 
2. DEFINITIONS 
DEFINITION 2.1. A Petri Net  (P.N.) is a bipartite graph, i.e., a graph whose 
set of nodes is partitioned into two subsets, called the set of places K ~ {P1 "'" P,~} 
and the set of transitions T = {t 1 ,..., t,~}, each arc connecting only nodes of 
different ypes. 
DEFINITION 2.2. A marking (or state) of a P.N. is a mapping 114: V --~ N 
(natural numbers); numerically it is represented by a vector with J V I non- 
negative components and graphically by M(P i )  tokens in the place Pi .  
DEFINITION 2.3. A transition ti is firable for a given marking M if, for every 
place P3, M(P~) >~ (number of arcs connecting P5 to t~:). A marking M '  is 
obtained (reached) from M by firing t i if ti is firable for M and, for every P~ 
M'(P j )  -~ M(P j )  - -  (Number of arcs connecting P3 to ti) 
@ (Number of arcs connecting t i to Pj). 
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DEFINITION 2.4. Afir ing sequence (f.s.) accepted by a P.N. for a marking M 
i sas t r ingv  = til .." ti , ti~ in T s.t. there are M o = M, M 1, M 2 ,..., M n = M'  
markings where t i is firable for Mj_~ ; Mj is obtained from M~_ I by firing ti~. 
A marking M '  is reachable from M if there exists a f.s. v =t i l  "" ti, s.t. 
q) i t" M~ = M' :  we will write M ~ Let R(M)  indicate the set of markings 
reachable from M, S(M)  the set of firing sequences accepted for M. 
DEFINITION 2.5. Reachability problem: Does there exist an algorithm to 
check whether a given M '  is in R(M)  for given P.N. and M ? 
DEFINITION 2.6. A labeled P.N. over an alphabet Z is a P.N. with transition 
set T; together with a labeling function A: T---, Z. If A is partial, the net is 
said to contain e-transitions, namely those transitions that have no label assigned 
by A, otherwise the P.N. is said to be e-free. The labeling function is extended 
to firing sequences in the natural way. 
DEFINITION 2.7. (a) ~ is the class of all languages L s.t. for some P.N. 
M 0 and A total function: L = {x/x =- A(v), v ~ S(Mo) }. 
(b) ~ is defined similarly, with the exception that A is allowed to be a 
partial function. 
(c) S o (resp. ~qfo ~) is the class of languages L s.t. for some P.N., initial 
marking Mo, final marking M 1 , A total (resp. partial) function 
L = {x/x = A(v), M o L M1} 
(d) off (resp. ~fo I) is defined as ~o (resp. ~e0) with the additional condition 
that A is a one to one mapping. 
Crespi-Reghizzi and Mandrioli (1977) show that the complement of any 
Language in ~ or in ~Lfol is context-free and that neither ~cfl nor 5¢oS are closed 
under complementation. 
3. THE NON(EFFECTIVE) CLOSURE OF ~0 ~ WITH RESPECT TO 
COMPLEMENTATION 
Given the statements: 
(~) L ~ ~0 ~ implies that L is effectively recursive; 1 
(fi) The reachability problem is solvable; 
(7) There exists an effective procedure to obtain f. E Ga0* for any L ~ ~0~; 
1 That is, there exists an effective procedure to obtain the characteristic function of L 
as a recursive function. 
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the following implications have been proved by Hack (1975) 
(8) a is equivalent to t3 (Hack, Theorem 7.2). 
(~) y implies --~/~ (Hack, Theorem 8.3). 
Now the following lemma holds. 
LEMMA 3.1. (~) L ~ Y0 ~ implies that L is effectively recursively enumerable. 
In fact, given a labeled P.N. with initial and final markings M 0 and M 1 , 
it is quite easy to obtain by means of an effective procedure a phrase-structure 
grammar G such that the language it generates i  just the set 
L ~- {x/x = A(v), Mo L M1} ,
(This construction is left to the reader). 
Therefore 
(tg) y implies e~ since both L and L are effectively recursively enumerable. 
Finally from 3, it derives 
(h) y implies [3 
and by A and ~ we have -77, i.e. 
THEOREM 3.2. There does not exbt an effective procedure to obtain the com- 
plement of L in ~Lfo ~as a language of the same class. 
Since the teachability problem can be reduced to check the existence of an 
effective procedure to obtain the complement of a language in ~cP0~ as a recursively 
enumerable set, we feel that this theorem might be a step toward the solution 
of the reachability problem. 
On the other hand it should be noted that the possibility is still open of 
finding an effective procedure to construct, for a given L in ~L~ °, ~c¢~, or S 0 , 
a labeled P.N. whose language is/~ in ~0 ~, which again would imply the un- 
solvability of the reachability problem (Hack (1975)). 
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